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Let X be a complex algebraic or analytic variety. Its local topology near a point 
x iE X is completely described by its link L(x G X), which is obtained as the 
intersection of X with a sphere of radius < e <C 1 centered at x. The intersection 
of X with the closed ball of radius e centered at x is homeomorphic to the cone 
over L(x G X)] cf. |GM88l p.41]. 

If x G X is a smooth point then its link is a sphere of dimension 2 dime X — 1. 
Conversely, if X is a normal surface and L(x £ X) is a sphere then x is a smooth 
point Mum61 , but this fails in higher dimensions [Bri66 . 

The aim of this survey is to study in some sense the opposite question: we are 
interested in the "most complicated links." In its general form, the question is the 
following. 

Problem 1. Which topological spaces can be links of complex algebraic or analytic 
singularities? 

If dim A = 1, then the possible links are disjoint unions of circles. The answer is 
much more complicated in higher dimensions and we focus on isolated singularities 
from now on, though many results hold for non-isolated singularities as well. Thus 
the link L(x G X) is a (differentiable) manifold of (real) dimension 2 dime X — 1. 

Among the simplest singularities are the cones over smooth projective varieties. 
Let Z C P w be a smooth projective variety and X := Cone(Z) C C N+1 the cone 
over Z with vertex at the origin. Then L(0 G X) is a circle bundle over Z whose 
first Chern class is the hyperplane class. Thus the link of the vertex of Cone(Z) is 
completely described by the base Z and by the hyperplane class [H] G H 2 (Z, 1). 

Note that a singularity OeXc C N is a cone iff it can be defined by homogeneous 
equations. One gets a much larger class of singularities if we consider homogeneous 
equations where different variables have different degree (or weight). 

For a long time it was believed that links of isolated singularities are "very 
similar" to links of cones and weighted cones. The best illustration of this is given 
by the complete description of the possible links of surface singularities given in 
[NeuSlj . 

Here the cones give circle bundles over Riemann surfaces and weighted cones 
give Seifert bundles over Riemann surfaces. General links are more complicated 
but they are all obtained by gluing Seifert bundles over Riemann surfaces with 
boundary. These are definitely more complicated than Seifert bundles, but much 
simpler than general 3-manifolds. In particular, hyperbolic 3-manifolds - which 
comprise the largest and most complicated class - do not occur as links. 

Another example of the similarity of general links to smooth projective varieties 
is given by the local Lefschetz theorems, initiated by Grothendieck [Gro68] and 
developed much further subsequently; see |GM88j for a detailed treatment. 

These and many other examples led to a viewpoint that was best summarized 
in |GM 88, p. 26]: "Philosophically, any statement about the projective variety or its 
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embedding really comes from a statement about the singularity at the point of the 
cone. Theorems about projective varieties should be consequences of more general 
theorems about singularities which are no longer required to be conical. " 

Recently this belief was called into question and the aim of this paper is to 
summarize the new results, present several improvements and review the questions 
that arise. 

The new results rely on a method, considered in [Kolllj . to construct singular- 
ities using their resolution. By Hironaka's resolution theorem, for every isolated 
singularity (x £ X) there is a proper, birational morphism / : Y —> X such that 
E := f~ x (x) is a simple normal crossing divisor and Y \ E — > X \ {x} is an iso- 
morphism. The method essentially reverses the resolution process. That is, we 
start with a (usually reducible) simple normal crossing variety E, embed E into a 
smooth variety Y and then contract E C Y to a point to obtain (x € X). If E is 
smooth, this is essentially the cone construction. 

This approach has been one of the standard ways to construct surface singulari- 
ties but it has not been investigated in higher dimensions until recently. There were 
probably two reason for this. First, if dim X > 3 then there is no "optimal" choice 
for the resolution / : Y — > X . Thus the exceptional set E = depends on 

many arbitrary choices and it is not easy to extract any invariant of the singularity 
from E; see, however, ((5]). Thus any construction starting with E seemed rather 
arbitrary. Second, the above philosophy suggested that one should not get anything 
substantially new this way. 

The first indication that this method is worth exploring was given in [Kolllj 
where it was used to construct new examples of terminal and log canonical singu- 
larities that contradicted earlier expectations. 

A much more significant application was given in |KKllj . Since in higher di- 
mensions a full answer to Problem [T] may well be impossible to give, it is sensible 
to focus on some special aspects. A very interesting question turned out to be the 
following. 

Problem 2. Which groups occur as fundamental groups of links of complex alge- 
braic or analytic singularities? 

Note that the fundamental groups of smooth projective varieties are rather spe- 
cial; see |ABC+96| for a survey. Even the fundamental groups of smooth quasi 
projective varieties are quite restricted |Mor781 IKM98a| ICS08| IDPS09j . By con- 
trast fundamental groups of links turn out to be arbitrary. 

Theorem 3. [KKllj For every finitely presented group G there is an isolated, 
complex singularity (0 £ Xq) with link Lq such that hi(Lg) — G. 

Note that once such a singularity exists, a local Lefschetz-type theorem (cf. 
GM88] Sec. II. 1.2]) implies that the link of a general 3-dimensional hyperplane 
section has the same fundamental group. 

There are two natural directions to further develop this result: one can connect 
properties of the fundamental group of a link to algebraic or analytic properties 
of a singularity and one can investigate further the topology of the links or of the 
resolutions. 

In the first direction there is the following result which answers a question of 
Wahl. 
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Theorem 4. For a finitely presented group G the following are equivalent. 

(1) G is Q-perfect, that is, the abelianization G/[G,G] is finite. 

(2) G is the fundamental group of the link of an isolated Cohen- Macaulay sin- 
gularity |^6p of dimension > 3. 

One can study the local topology of X by choosing a resolution of singularities 
7r : Y — > X such that E x := ■n^ 1 (x) C Y is a simple normal crossing divisor and 
then relating the topology of E x to the topology of the link L(x G X). 

The topology of a simple normal crossing divisor E can in turn be understood 
in 2 steps. First, the Ei are smooth projective varieties, and their topology is 
much studied. A second layer of complexity comes from how the components Ei 
are glued together. This gluing process can be naturally encoded by a finite cell 
complex T>(E), called the dual graph or dual complex of E. 

Definition 5 (Dual graphs) . Let E be a variety with irreducible components {Ei : 
i £ I}. We say that E is a simple normal crossing variety (abbreviated as snc) if 
the Ei are smooth and every point p G E has an open (Euclidean) neighborhood 
p € Up C E and an embedding U p c — > C™ +1 such that the image of U p is an open 
subset of the union of coordinate hyperplanes (z\ ■ ■ ■ z„+\ = 0). A stratum of E is 
any irreducible component of an intersection Ci^jEi for some J C /. 

The combinatorics of E is encoded by a cell complex 1>{E) whose vertices are 
labeled by the irreducible components of E and for every stratum W C d^jEi 
we attach a ( J\ — l)-dimensional cell. Note that for any j G J there is a unique 
irreducible component of that contains W; this specifies the attaching 

map. T>{E) is called the dual complex or (itioi graph of (Although T>(E) is not a 
simplicial complex in general, it is an unordered A-complex in the terminology of 
[Hat02l p-534].) 

Definition 6 (Dual graphs associated to a singularity). Let X be a normal variety 
and x G X a point. Choose a resolution of singularities 7r : Y — > X such that 
E x :— 7r _1 (x) C Y is a simple normal crossing divisor. Thus it has a dual complex 
V{E X ). 

The dual graph of a normal surface singularity has a long history. Higher dimen- 
sional versions appear in |Kul771 lPer77l IGor801 IFM83] but systematic investigations 
were started only recently; see |Thu07l ISte08l |Pay09| |Pay 1 1| . 

It is proved in |Thu071 ISte081 lABWllj that the homotopy type of V{E X ) is 
independent of the resolution Y — > X. We denote it by T>lZ(x e X). 

The proof of Theorem [3] gives singularities for which the fundamental group of 
the link is isomorphic to the fundamental group of T>TZ(x 6 X). In general, it 
seems easier to study VlZ(x £ X) than the link and the next theorem shows that 
not just the fundamental group but the whole homotopy type of VTZ({) G X) can 
be arbitrary. The additional properties (02-3) follow from the construction as in 
[KolllllKKTT] . 

Theorem 7. Let T be a connected, finite cell complex. Then there is a normal 
singularity (0 G X) such that 

(1) the complex T>1Z{Q G X) is homotopy equivalent to T , 

(2) 7rx(i(0 G X)) = 7ri(T) and 

(3) if tt : Y — y X is any resolution then Wk^Oy — H l (T, C) for i > 0. 
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The fundamental groups of the dual graphs of rational singularities (|51j) were 
determined in KK11, Thm.42]. The next result extends this by determining the 
possible homotopy types of VTZ(0 G X). 

Theorem 8. Let T be a connected, finite cell complex. Then there is a rational 
singularity (0 G X) whose dual complex VTZ(0 G X) is homotopy equivalent to T 
iffT is Q-acyclic, that is, H l (T, Q) = for i > 0. 

Content of the Sections. 

Cones, weighted cones and the topology of the corresponding links are discussed 
in Section [T] 

The plan for the construction of singularities from their resolutions is outlined 
in Section [2] and the rest of the paper essentially fleshes out the details. 

In Section [3] we show that every finite cell complex is homotopy equivalent to 
a Voronoi complex. These Voronoi complexes are then used to construct simple 
normal crossing varieties in Section |4] 

The corresponding singularities are constructed in Section [5] where we prove 
Theorem [7| except for an explicit resolution of the resulting singularities which is 
accomplished in Section [BJ 

The proof of Theorem [4] is given in Section [7] where several other equivalent 
conditions are also treated. Theorem [8] on rational singularities is reviewed in 
Section [H 

Open questions and problems are discussed in Section |9l 

Acknowledgments. I thank I. Dolgachev, T. de Fernex, T. Jarvis, M. Kapovich, 
L. Maxim, P. Ozsvath, S. Payne, J. Shaneson, D. Toledo, J. Wahl and Ch. Xu 
for comments and corrections. Partial financial support was provided by the NSF 
under grant number DMS-07-58275 and by the Simons Foundation. Part of this 
paper was written while the author visited the Univertsity of Utah. 

1. Weighted homogeneous links 

Definition 9 (Weighted homogeneous singularities). Assign positive weights to 
the variables w(xi) £ Z, then the weight of a monomial Y\i X T 1S 

A polynomial / is called weighted homogeneous of weighted-degree w(f) iff every 
monomial that occurs in / with nonzero coefficient has weight w(f). 

Fix weights w := (w(xi), . . . , w(xn)) and let {/( : i 6 /} be weighted homoge- 
neous polynomials. They define both a projective variety in a weighted projective 
space 

Z(fi : i G J) C P(w) 

and an affine weighted cone 

C(fi :teI)cC K . 

Somewhat loosely speaking, a singularity is called weighted homogeneous if it is 
isomorphic to a singularity defined by a weighted cone for some weights w(xi). (In 
the literature these are frequently called quasi-homogeneous singularities.) 

In many cases the weights are uniquely determined by the singularity (up to 
rescaling) but not always. For instance, the singularity (xy = z n ) is weighted 
homogeneous for any weights that satisfy w{x) + w(y) = n ■ w(z). 
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If C C C is a weighted cone then it has a C*-action given by 

[x!,...,x N ) I-+ (t mi xi,...,t mir x N ) where m f = ^jU.j w ( x j)- 

Conversely, let X be a variety with a C* action and x £ X a, fixed point that 
is attractive as t — > 0. Linearizing the action shows that i £ I is a weighted 
homogeneous singularity. 

10 (Links of weighted homogeneous singularities). The C*-action on a weighted 
homogeneous singularity (x 6 X) induces a fixed point free ^-action on its link 
L. If we think of X as a weighted cone over the corresponding projective variety 
Z C P(w) then we get a projection it : L — > Z whose fibers are exactly the orbits of 
the § 1 -action, That is, the link of a weighted homogeneous singularity has a Seifert 
bundle structure. (For our purposes we can think that a Seifert bundle is the same 
as a fixed point free S 1 -action.) 

It is thus natural to study the topology of links of weighted homogeneous singu- 
larities in two steps. 

(1) Describe all 2n — 1-manifolds with a fixed point free § 1 -action. 

(2) Describe which among them occur as links of weighted homogeneous sin- 
gularities. 

11 (Homology of a weighted homogeneous link). |OW75j Let it : L — >• Z be the 
Seifert bundle structure. The cohomology of L is computed by a spectral sequence 

H\Z,B?-k^ l ) ^H i+j (L,Q). GUI) 

All the fibers are oriented circles, thus _R°7t»Ql = R^-it^Ql = Qz and R^tt^Ql = 
for j > 1. Thus the £?2-term of the spectral sequence is 

H°(Z,( 

(HU2) 

H°(Z,Q) H 1 (Z,Q) ~ H 2 (Z,( 

where the differentials are cup product with the (weighted) hyperplane class 

Cl (O z (l))U : H^R^Ql) = H l (Z,Q) -> H l+2 (Z,Q). (HU3) 

Since Z is an orbifold, these are injective if i+2 < dim Z and surjective if i > dim Z . 
Thus we conclude that 

h l (L,Q) = h i (Z,Q)-h i - 2 {Z,Q) ifi<dimZand 

/i l+1 (L,Q) = ti(Z,Q) - k l+2 {Z,Q) ifi>dimZ ' ' "' " 4> 

where we set h l (Z, Q) = for i < or i > 2 dimZ. In particular we see that L is a 
rational homology sphere iff Z is a rational homology complex projective space. 

By contrast, the spectral sequence computing the integral cohomology of L is 
much more complicated. We have a natural injection R Xr K^L^ ^ which is, 
however, rarely an isomorphism. The computations were fully carried out only for 
dimi < 5 |KoJ05J. 

12 (Weighted homogeneous surface singularities). This is the only case that is fully 
understood. 

The classification of fixed point free circle actions on 3-manifolds was considered 
by Seifert |Sei32j . If M is a 3-manifold with a fixed point free circle action then 




6 



JANOS KOLLAR 



the quotient space F := M/S 1 is a surface (without boundary in the orientable 
case). The classification of these Seifert fibered 3-manifolds / : M — > F is thus 
equivalent to the classification of fixed point free circle actions. It should be noted 
that already in this classical case, it is conceptually better to view the base surface 
F not as a 2-manifold but as a 2-dimensional orbifold, see [Sco83 for a detailed 
survey from this point of view. 

Descriptions of weighted homogeneous surface singularities are given in |Pin77[ 
IDol83llDeln88llFZ03] . 

Weighted homogeneous 3-fold singularities. 

There is a quite clear picture about the simply connected case since simply 
connected 5-manifolds are determined by their homology. 

By a theorem of Sma62 ( Bar65 , a simply connected, compact 5-manifold L is 
uniquely determined by H2(L,Z) and the second Stiefel- Whitney class, which we 
view as a map W2 ■ H 2 (L,Z) — > Z/2. Furthermore, there is such a 5-manifold iff 
there is an integer k > and a finite Abelian group A such that either H 2 (L, Z) = 
Z k + A + A and w 2 : H 2 (L,Z) Z/2 is arbitrary, or H 2 (L,Z) = Z fe + A + A + Z/2 
and W2 is projection on the Z/2-summand. 

The existence of Seifert bundles on simply connected compact 5-manifolds was 
treated in |Kol06j . The answer mostly depends on the torsion subgroup of H 2 {L 1 Z), 
but there is a subtle interplay with W2 ■ 

Definition 13. Let M be any manifold. Write its second homology as a direct 
sum of cyclic groups of prime power order 

h 2 (m, z) = z k + £ Pii (z/p < ) c(p * ) 

for some k = dim H 2 (M, Q), c{p t ) = c(p l , M). The numbers k, c{p t ) are determined 
by H 2 (M,Z) but the subgroups (Z/p l ) c ( p% ) C H2(M,Z) are usually not unique. 
One can choose the decomposition (fT3ll) such that w 2 : H 2 (M,Z) — > Z/2 is zero 
on all but one summand Z/2". This value n is unique and it is denoted by i(M) 
Bar65_. This invariant can take up any value n for which c(2") ^ 0, besides and 
00. Alternatively, i(M) is the smallest n such that there is an a 6 H 2 (M,Z) such 
that W2{a) ^ and a has order 2™. 

The existence of a fixed point free differentiable circle action puts strong restric- 
tions on H 2 and on w 2 - 

Theorem 14. |Kol06[ Thm.3] Let L be a compact, simply connected 5-manifold. 
Then L admits a fixed point free differentiable circle action if and only if H2(L,Z) 
and W2 satisfy the following conditions. 

(1) For every prime p, we have at most k + 1 nonzero c{p l ) in flcA l). That is, 
#{1 : c{p l ) > 0} < dim# 2 (M,Q) + 1. 

(2) One can arrange that W2 ■ H2(L,Z) — > Z/2 is the zero map on all but the 
Z k + (Z/2) c < 2 ) summands in $JMl)- Th at is, i(L) £ {0, l,oo}. 

(3) Ifi(L) = 00 then #{i : c(2 l ) > 0} < dim H 2 ( M , Q) . 

Remark 15. Note that while ([8]) tells us which compact, simply connected 5- 
manifolds admit a fixed point free differentiable circle action, the proof does not 
classify all circle actions. In particular, the classification of all circle actions on § 5 
is not known. 
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By contrast very little is known about which compact, simply connected 5— 
manifolds occur as links of weighted homogeneous singularities. It is known that 
not every Seifert bundle occurs |Kol061 Lem.49] but a full answer seems unlikely. 

Nothing seems to be known in higher dimensions. 

16 (Einstein metrics on weighted homogeneous links). By a result of |Kob63j . the 
link of a cone over a smooth projective variety Z C P w carries a natural Einstein 
metric iff —Kz is a positive multiple of the hyperplane class and Z carries a Kahler- 
Einstcin metric. This was generalized by BGOO to weighted cones. Here one needs 
to work with an orbifold canonical class Kx + A and a suitable orbifold Kahler- 
Einstein metric on (X, A). 

This approach was used to construct new Einstein metrics on spheres and exotic 
sphere s [BGK051 IBGKT05] and on many 5-manifolds |Kol051 lKoT07bl IKol09j . 
See |BG08j for a comprehensive treatment. 

2. Construction of singularities 

The construction has 5 main steps, none of which is fully understood at the mo- 
ment. After summarizing them, we discuss the difficulties in more detail. Although 
the steps can not be carried out in full generality, we understand enough about 
them to obtain the main theorems. 

17 (Main steps of the construction). 

5£ep ll7l l. For a simplicial complex C construct projective simple normal crossing 
varieties V(C) such that V(V{C)) C. 

Step\l7\2. For a projective simple normal crossing variety V construct a smooth 
variety Y(V) that contains V as a divisor. 

5£ep |17l 3. For a smooth variety Y containing a simple normal crossing divisor 
D construct an isolated singularity (x G X) such that (D C Y) is a resolution of 
(x G X). 

Step\\l\A. Describe the link L(x G X) in terms of the topology of D and the 
Chern class of the normal bundle of D. 

Step\T7\b. Describe the relationship between the properties of the singularity 
(x G X) and the original simplicial complex C. 

18 (Discussion of StepHTJl). I believe that for every simplicial complex C there are 
many projective simple normal crossing varieties V(C) such that T>(V(C)j = C, 
but I have been unable to prove this. 

There seem to be two main difficulties. First, topology would suggest that one 
should build up the skeleta of V(C) one dimension at a time. It is easiest to start 
the 1-skeleton by gluing rational curves. The 2-skeleton is still straightforward since 
rational surfaces do contain cycles of rational curves of arbitrary length. However, 
at the next step we run into a problem similar to Step ll7l 2 and usually a 2-skeleton 
can not be extended to a 3-skeleton. Our solution in |KKllj is to work with 
triangulations of n-dimensional submanifolds with boundary in R ra . The ambient 
R n gives a rigidification and this makes it possible to have a consistent choice for 
all the strata. 

Second, even if we construct a simple normal crossing variety V, it is not easy 
to decide whether it is projective. This is illustrated by the following example of 
"triangular pillows" |KK11| Exmp.34]. 
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Let us start with an example that is not simple normal crossing. 

Take 2 copies Pf := V 2 (xi : y l : Zi) of CP 2 and the triangles d := (xiyiZi = 0) C 
Vf. Given c x ,c y ,c z € C* define (j>(c x ,Cy,c z ) : C\ -> C 2 by (0 : y x : z%) M> (0 : yi : 
c z zi), (xi : : z\) n> {c x x\ : : z\) and (x\ : y\ : 0) i-)- (xi : c^i/i : 0) and glue the 
2 copies of P 2 using ^(c^, Cj,, c z ) to get the surface S{c x ,c y ,c z ). 

We claim that S(c x , c yi c z ) is projective iff the product c x c y c z is a root of unity. 

To see this note that Pic°(Ci) = C* and Pic r (Ci) is a principal homogeneous 
space under C* for every r G Z. We can identify Pic 3 (Ci) with C* using the 
restriction of the ample generator Li of Pic(P 2 ) = Z as the base point. 

The key observation is that 4>(c x , c y , c z )* : Pic 3 (C2) —> Pic 3 (Ci) is the multi- 
plication by c x c y c z . Thus if c x c y c z is an rth root of unity then L\ and L\ glue 
together to an ample line bundle but otherwise S(c x , c y ,c z ) carries only the trivial 
line bundle. 

We can create a similar simple normal crossing example by smoothing the trian- 
gles Ci. That is, we take 2 copies P 2 := P 2 (xi : : z,) of CP 2 and smooth elliptic 
curves E { := (xf + yf + zf = 0) C P 2 . 

Every automorphism r G Aut(x 3 + y 3 + z 3 = 0) can be identified with an 
isomorphism r : E\ = giving a simple normal crossing surface S(t). The above 
argument then shows that S(t) is projective iff r m = 1 for some m > 0. 

These examples are actually not surprising. One can think of the surfaces 
S(c x , c y ,c z ) and S(t) as degenerate K3 surfaces of degree 2 and K3 surfaces have 
non-projective deformations. Similarly, S{c x ,c y , c z ) and S(t) can be non-projective. 
One somewhat unusual aspect is that while a smooth K3 surface is projective iff it 
is a scheme, the above singular examples are always schemes yet many of them are 
non-projective. 

19 (Discussion of Step[17]2). This is surprisingly subtle. First note that not every 
projective simple normal crossing variety V can be realized as a divisor on a smooth 
variety Y . A simple obstruction is the following. 

Let Y be a smooth variety and D± + D 2 a simple normal crossing divisor on Y. 
Set Z := D\ C\D 2 - Then Nz,d 2 — ^Vdi,f|z where Nx,y denotes the normal bundle 
of X C Y. 

Thus if V = Vi U V2 is a simple normal crossing variety with W :— V\ n V 2 such 
that N\y,v 2 i s n °t the restriction of any line bundle from V± then V is not a simple 
normal crossing divisor on a nonsingular variety. 

I originally hoped that such normal bundle considerations give necessary and 
sufficient conditions, but recent examples of |Fujl2| show that this is not the case. 

For now, no necessary and sufficient conditions of embeddability are known. In 
the original papers |Kolll| IKKllj we went around this problem by first embedding 
a simple normal crossing variety V into a singular variety Y and then showing that 
for the purposes of computing the fundamental group of the link the singularities 
of Y do not matter. 

We improve on this in Section [6] 

20 (Discussion of StepQ~7]3). By a result of |Art70| . a compact divisor contained in 
a smooth variety D = UiDi C Y can be contracted to a point if there are positive 
integers m t such that Oy[— ^ i TOi-D,)|£>. is ample for every j. 

It is known that this condition is not necessary and no necessary and sufficient 
characterizations are known. However, it is easy to check the above condition in 
our examples. 
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21 (Discussion of StepfT7l4). This approach, initiated in }Mum61j . has been espe- 
cially successful for surfaces. 

In principle the method of Mum61 leads to a complete description of the link, 
but it seems rather difficult to perform explicit computations. Computing the 
fundamental group of the links seems rather daunting in general. Fortunately, we 
managed to find some simple conditions that ensure that the natural maps 

m(L(jx G X)) ->• 7ri(ftp0) ->• m(T>K(X)) 

are isomorphisms. However, these simple conditions force D to be more complicated 
than necessary, in particular we seem to lose control of the canonical class of X. 

22 (Discussion of Step[T7j5). For surfaces there is a very tight connection between 
the topology of the link and the algebro-geometric properties of a singularity. In 
higher dimension, one can obtain very little information from the topology alone. 
As we noted, there are many examples where X is a topological manifold yet very 
singular as a variety. 

There is more reason to believe that algebro-geometric properties restrict the 
topology. For example, the results of Section [7] rely on the observation that if (x £ 
X) is a rational (or even just 1-rational) singularity then Hi(L{x G X),Q) = 0. 

3. VORONOI COMPLEXES 

Definition 23. A (convex) Euclidean polyhedron is a subset P of W 1 given by a 
finite collection of linear inequalities (some of which may be strict and some not). 
A face of P is a subset of P which is given by converting some of these non-strict 
inequalities to equalities. 

A Euclidean polyhedral complex in 1" is a collection of closed Euclidean polyhe- 
dra C in E™ such that 

(1) if P G C then every face of P is in C and 

(2) if Pi, P 2 G C then Pi n P 2 is a face of both of the P z . 

The union of the faces of a Euclidean polyhedral complex C is denoted by \C\. 

For us the most important examples are the following. 

Definition 24 (Voronoi complex). Let Y — {t/j : i G /} C W 1 be a finite subset. 
For each i £ J the corresponding Voronoi cell is 

Vi := {x G R" : d{x, Vl ) < d(x, yj ),Vj G 1} 

where d(x, y) denotes the Euclidean distance. Each cell Vi is a closed (possibly 
unbounded) polyhedron in R™. 

The Voronoi cells and their faces give a Euclidean polyhedral complex, called 
the Voronoi complex or Voronoi tessellation associated to Y. 

For a subset J C I let Hj denote the linear subspace 

Hj := {x G 1" : d(x,yi) = d(x,yj) Vi,j £ J}. 

The affine span of each face of the Voronoi complex is one of the Hj. If J has 2 
elements {i, j} then Hij is a hyperplane Hy = {x G M. n : d{x,yi) = d(x,yj)}. 

A Voronoi complex is called simple if for every k, every codimension k face is 
contained in exactly k + 1 Voronoi cells. Not every Voronoi complex is simple, but 
it is easy to see that among finite subsets Y C 1" those with a simple Voronoi 
complex C(Y) form an open and dense set. 
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Let C be a simple Voronoi complex. For each face F 6 C, let V% for i 6 Ip 
be the Voronoi cells containing F. The vertices {yt : i £ If} form a simplex 
whose dimension equals the codimension of F. These simplices define the Delaunay 
triangulation dual to C. 

Theorem 25. [KK11[ Cor. 21] Let T be a finite simplicial complex of dimension n. 
Then there is an embedding j : T R 2n+1 , a simple Voronoi complex C in R 2n+1 
and a subcomplex C{T) C C of pure dimension 2n + 1 containing j(T) such that the 
inclusion j(T) C C(T)| is a homotopy equivalence. 

Outline of the proof. First we embed T into R 2 " +1 . This is where the dimension 
increase comes from. In some applications it is important to be more careful and 
embed T into a lower dimensional Euclidean space. (Note that we do not need an 
actual embedding, only an embedding up-to homotopy, which is usually easier to 
get.) 

Then we first use a result of [Hir62 which says that if T is a finite simpli- 
cial complex in a smooth manifold R then there exists a codimension compact 
submanifold M C R with smooth boundary containing T such that the inclusion 
T C M is a homotopy equivalence. 

Finally we construct a Voronoi complex using M. 

Let M C M m be a compact subset, Y c R m a finite set of points and C(Y) the 
corresponding Voronoi complex. Let C m (Y, M) be the collection of those m-cells in 
the Voronoi complex C(Y) whose intersection with M is not empty and C(Y, M) 
the polyhedral complex consisting of the cells in C m (Y,M) and their faces. Then 
M C \C(Y, M)\. 

We conclude by using a theorem of ICai61] that says that if M is a C 2 -submanifold 
with C 2 -boundary then for a suitably fine mesh of points Y C M. m the inclusion 
M C \C(Y, M)\ is a homotopy equivalence. □ 



4. Simple normal crossing varieties 

Let C be a purely m-dimensional, compact subcomplex of a simple Voronoi com- 
plex in R m . Our aim is to construct a projective simple normal crossing variety 
V(C) whose dual complex naturally identifies with the Delaunay triangulation of C. 

26 (First attempt). For each m-polytope Pi 6 C we associate a copy PS = CP m . 

For a subvariety W C CP m we let Wu-\ or denote the corresponding subvariety 

of F7K. 

W 

If Pi and Pj have a common face Fij of dimension m— 1 then the complexification 
of the affine span of F^ gives hyperplanes C P™^ and C P™j . Moreover, 

(i) (i) (i) (i) 

W ' and B)V come with a natural identification ov, : H} 4 = H i ; . 

We use <xy to glue P^ and PJ™^ together. The resulting variety is isomorphic to 
the union of 2 hyperplanes in CP" l+1 . 

It is harder to see what happens if we try to perform all these gluings c^- simul- 
taneously. 

Let IIjPj?Q denote the disjoint union of all the P^. Each defines a relation 

which identifies a point £ H^' C PS with its image — o~ij{p{i)) G H-p C 
fV 1 --, . Let E denote the equivalence relation generated by all the <xy . 
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In this case it is easy to see (cf. KolQH Lem.17]) that there is a projective 
algebraic variety 

IIiP$ — ■» (lIiP^)/E — > CP™ 

whose points are exactly the equivalence classes of E. 

This gives the correct simple normal crossing variety if m — 1 but already for 
to = 2 we have problems. For instance, consider three 2-cells Pi, Pj, Pk such that Pi 
and Pj have a common face Py, Pj and P& have a common face Fjk but PiHPk = 0. 
The problem is that while Py and Pj£ are disjoint, their complexified spans are 
lines in CP 2 hence they intersect at a point q. Thus ay identifies q^) £ P 2 ^ with 
<7(j) G ¥%■. and CTjfc identifies gy) £ P^ with S P 2 fc ^ thus the equivalence 
relation E identifies € P 2 ^ with q^ k ) £ ^fk)' Thus in (H$P7?j)/E the images of 
P 2 ^ and of P 2 ^ are not disjoint. 

In order to get the correct simple normal crossing variety, we need to remove 
these extra intersection points. In higher dimensions we need to remove various 
linear subspaces as well. 

Definition 27 (Essential and parasitic intersections). Let C be a Voronoi complex 
on R™ defined by the points {yi : i £ I}. We have the linear subspaces Hj defined 
in . Assume for simplicity that J\ 7^ J 2 implies that Hj x ^ Hj 2 . 

Let P C R™ be a Voronoi cell. We say that Hj is essential for P if it is the 
affinc span of a face of P. Otherwise it is called parasitic for P. 

Lemma 28. Let P C R™ be a simple Voronoi cell. 

(1) Every essential subspace L of dimension < to — 2 is contained in a unique 
smallest parasitic subspace which has dimension dim L + 1 . 

(2) The intersection of two parasitic subspaces is again parasitic. 

Proof. There is a point y p £ P and a subset J £ I such that Hi p are spans of 
faces of P for i £ J and L — C\i e jHi p . Thus the unique dimL + 1-dimensional 
parasitic subspace containing L is Hj. 

Assume that Lx,L% are parasitic. If L\ n £2 is essential then there is a unique 
smallest parasitic subspace L' D L\ n £2- Then L' C I; a contradiction. □ 

29 (Removing parasitic intersections). Let {H s : s £ S} be a finite set of hyper- 
planes of CP" 1 . For Q C S set i? Q := n s£ Qi/ s . Let V C 2 s be a subset closed 
under unions. 

Set 7T : P° = CP m . If 7r. r : P r -> CP m is already defined then let P r+1 ->• P r 
denote the blow-up of the union of birational transforms of all the Hq such that 
Q £ V and dimP Q = r. Then 7r r+ i is the composite P r+1 -> P r ->■ CP™. 

Note that we blow up a disjoint union of smooth subvarieties since any inter- 
section of the r-dimensional Hq is lower dimensional, hence it was removed by an 
earlier blow up. Finally set II : P := P™~ 2 -> CP™. 

Let C be a pure dimensional subcomplex of a Voronoi complex as in (125[) . For 
each cell Pi G C we use (|2T)|) with 

Pi := {parasitic intersections for Pj} 

to obtain Pu\ . Note that if Pi and Pj has a common codimension 1 face Fij then we 
perform the same blow-ups on the complexifications H$ C P™\ and iPy C P™)- 
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(i) (1) 

Thus (Jij : = lifts to the birational transforms 

As before, the cry define an equivalence relation S on HiPuy With these changes, 
the approach outlined in (|26[) does work and we get the following. 

Theorem 30. KKlT) Prop. 28] With the above notation there is a projective, simple 
normal crossing variety 

V(C) := (niP W )/S 

wii/i £/ie following properties. 

(1) There is a finite morphism HiPu\ — 5- V(C) whose fibers are exactly the 
equivalence classes o/E. 

(2) The dual complex D [V (C)) is naturally identified with the Delaunay trian- 
gulation of C. 

Comments on the proof. The existence of V(C) is relatively easy either directly 
as in [KK111 Prop. 31] or using the general theory of quotients by finite equivalence 
relations as in [Kol08 . 

As we noted in (|18|) the projectivity of such quotients is a rather delicate question 
since the maps — > CP m are not finite any more. 

The main advantage we have here is that each P(j) comes with a specific sequence 
of blow-ups IT : P{i) — > CP m and this enables us to write down explicitly invertible, 
ample subsheaves Ai C H*Ocr™(N) for some N ^> 1 that glue together to give an 
ample invertible sheaf on V(T). For details see |KK11[ Par. 32]. □ 

The culmination of the results of the last 2 sections is the following. 

Theorem 31. |KK11[ Thm.29] Let T be a finite cell complex. Then there is a 
projective simple normal crossing variety Zt such that 

(1) T>(Zt) is homotopy equivalent to T , 

(2) m(Z T ) = tti(T) and 

(3) H l (Z T ,Oz T ) = H l {T,C) for every i > 0. 

Proof. We have already established (1) in (|3"0)) . moreover the construction yields 
a simple normal crossing variety Zt whose strata are all rational varieties. In 
particular every stratum W C Zt is simply connected and H r (W,Ow) — for 
every r > 0. Thus (2-3) follow from {35) and {23]). □ 

The proof of the following lemma is essentially in |GS751 pp. 68-72] . More explicit 
versions can be found in |FM831 pp.26-27] and [Isb.851 RF3W09] . 

Lemma 32. Let X be a simple normal crossing variety over C with irreducible 
components {Xi : i £ I}. Let T — D(X) be the dual complex of X . 

(1) There are natural injections H r (T,C) > H r (A, Ox) for every r. 

(2) For J <Z I set Xj := fligj-A, and assume that H r (Xj, Oxj) = for every 
r > and for every J G I. Then H r (A, Ox) = H r (T, C) for every r. 

The following comparison result is rather straightforward. 

Lemma 33. Cor92, Prop. 3.1] Using the notation of S3ty) assume that each Xj is 
1-connected. Then tti(X) = 7Ti (T>(X)) . □ 



LINKS OF COMPLEX ANALYTIC SINGULARITIES 



13 



5. Generic embeddings of simple normal crossing varieties 

The following is a summary of the construction of [Kolllj : see also |Koll3[ 
Sec. 3. 4] for an improved version. 

34. Let Z be a projective local complete intersection variety of dimension n and 
choose any embedding Z C P into a smooth projective variety of dimension N. 
(We can take P = P N for N 3> 1.) Let L be a sufficiently ample line bundle on 
P. Let Z C Y\ C P be the complete intersection of (N — n — 1) general sections of 
L{-Z). Set 

Y := B { _ Z) Y X := Proj yi E^CH^mZ). 

(Note that this is not the blow-up of Z but the blow-up of its inverse in the class 
group.) 

It is proved in [Kolllj that the birational transform of Z in Y is a Cartier divisor 
isomorphic to Z and there is a contraction morphism 

Z C Y 

I |tt fllDi) 

o e x 

such that y \ Z = X \ {0}. If Y is smooth then VTZ(0 € X) = V(Z) and we are 
done with Theorem [7] However, the construction of [Kolllj yields a smooth variety 
Y only if dimZ = 1 or Z is smooth. (By (fT9j) this limitation is not unexpected.) 

In order to resolve singularities of Y we need a detailed description of them. 
This is a local question, so we may assume that Z C is a complete intersection 
defined by fx = ■ ■ ■ = /n-h = 0. Let Z C Y\ C C w be a general complete 
intersection defined by equations 

hi t if\ H h h it N-nfN-n = for z = 1, . . . , N - n - 1. 

Let H = (hij) be the (N — n — 1) x (JV — n) matrix of the system and Hi the 
submatrix obtained by removing the ith column. By [Kolllj or |Koll3j Sec. 3. 2], an 
open neighborhood of Z C Y is defined by the equations 

(/< = (-1) 1 • * • det : i = 1, . . . , N - n) C xQ. J312) 

Assume now that Z has hypersurface singularities. Up-to permuting the fi and 
passing to a smaller open set, we may assume that (i/a, . . . , d/jv-n are linearly 
independent everywhere along Then the singularities of Y all come from the 
equation 

f 1 = -t-detH 1 . {313) 

Our aim is to write down local normal forms for Y along Z in the normal crossing 
case. 

On C N there is a stratification C N = Ro D Ri D ■ ■ ■ where Ri is the set of 
points where rankiJi < (N — n — 1) — i. Since the hij are general, codimvi/ Ri = i 2 
and we may assume that every stratum of Z is transversal to each Ri \ Ri+\ (|37p . 

Let S C Z be any stratum and p G S a point such that p G i? m \ Rm+i- We 
can choose local coordinates {x±, . . . ,Xd} and {y rs : 1 < r, s < to} such that, in a 
neighborhood of p, 

/l = a?i ■ • • a^d and det -Hi = det (y rs : 1 < r, s < m) . 

Note that to 2 < dim S = n — d, thus we can add n — d — m 2 further coordinates 
to get a complete local coordinate system on S. 
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Then the n coordinates {xk,yij} determine a map 

a:C N xC t ^C n x C t 

such that cr(Y) is defined by the equation 

Xi ■ ■ ■ Xd — t ■ dct (y rs : 1 < r, s < m) . 

Since d/2, . . . , dfN-n are linearly independent along Z, we see that a\y is etale along 
Z C Y. 

We can summarize these considerations as follows. 

Proposition 35. Let Z be a normal crossing variety of dimension n. Then there is 
a normal singularity (0 € X) of dimension n + 1 and a proper, birational morphism 
ir : Y —¥ X such that red7r -1 (0) = Z and for every point p G 7r _1 (0) we can choose 
local (Stale or analytic) coordinates called {xi : i G I p } and {y rs : 1 < r, s < m p } 
(plus possibly other unnamed coordinates) such that one can write the local equations 
ofZcYas 

(Uiei P x i = * = 0) C (iLe/^ = t • det(y rs : 1 < r, s < m p )) C C"+ 2 . □ 

36 (Proof of Theorem [7]) . Let T be a finite cell complex. By (pITj) there is a 
projective simple normal crossing variety Z such that is homotopy equivalent 

to T, ni(Z) S 7n(r) and if^Z, O z ) = H l (T, C) for every i > 0. 

Then ([35]) constructs a singularity (0 £ X) with a partial resolution 

z c y 

I I TV dMJl) 

G X 

The hardest is to check that we can resolve the singularities of Y without changing 
the homotopy type of the dual complex of the exceptional divisor. This is done in 
Section [BJ 

In order to show (J7J2-3) we need further information about the varieties and 
maps in (|36l l). 

First, Y has rational singularities. This is easy to read off from their equations. 
(For the purposes of Theorem [3l we only need the case dim Y = 3 when the only 
singularities we have are ordinary double points with local equation X1X2 = tyn.) 

Second, we can arrange that Z has very negative normal bundle in Y. By a 
general argument this implies that R 1 tt*Oy — H l {Z, Oz), proving (J7l3); see [Kolll[ 
Prop. 9] for details. 

Finally we need to compare fti(Z) with 7Ti(L(0 G X)). There is always a surjec- 
tion 

?ri(L(0 G X)) m(Z) pj2) 

but it can have a large kernel. We claim however, that with suitable choices we can 
arrange that ([31)1 2') is an isomorphism. It is easiest to work not onZci* but on 
a resolution Z' C Y', 

More generally, let W be a smooth variety, D — UjDj C W a simple normal 
crossing divisor and T D D a regular neighborhood with boundary M — dT. There 
is a natural (up to homotopy) retraction map T — > D which induces M —¥ D hence 
a surjection ttl(M) -» tt\{D) whose kernel is generated (as a normal subgroup) by 
the simple loops 7, around the Di. 
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In order to understand this kernel, assume first that D is smooth. Then M — > D 
is a circle bundle hence there is an exact sequence 

ir 2 (D) ^\l = tt^S 1 ) 7Tl(M) ->• 7Tl(L>) -> 1 

where Ci is the Chern class of the normal bundle of D in X. Thus if C\ fl a = 1 for 
some a 6 ^(-D) then 7Ti(M) = 7ri(D). In the general case, arguing as above we 
see that tt\{M) = tti(D) if the following holds: 

(3) For every i there is a class a j; G 7r 2 (-D°) such that ci(ND i: x) no:, = 1 where 
Z?" := Z),; \ {other components of D}. 

Condition (3) is typically very easy to achieve in our constructions. Indeed, we 
obtain the D® by starting with CP™, blowing it up many times and then removing 
a few divisors. Thus we end up with very large H^iD®, Z) and typically the D® are 
even simply connected, hence ^(D®) = H^LD®, Z). 

37 (Dcterminantal varieties). We have used the following basic properties of de- 
terminantal varieties. These are quite easy to prove directly; see |Har951 12.2 and 
14.16] for a more general case. 

Let V be a smooth, affine variety, and C C Oy a finite dimensional sub vector 
space without common zeros. Let H = (hij) be an n x n matrix whose entries 
are general elements in C. For a point p G V set m p — corank_ff(p). Then there 
are local analytic coordinates {y rs : 1 < r, s < m p } (plus possibly other unnamed 
coordinates) such that, in a neighborhood of p, 

det H = dct(y rs : 1 < r, s < m p ) . 

In particular, mult p (detiJ) = corank_ff(p), for every m the set of points R m C V 
where corankiJ(p) > m is a subvariety of pure codimension m 2 and Singi? m = 

Rm+l- 

6. Resolution of generic embeddings of simple normal crossing 

varieties 

In this section we start with the varieties constructed in p5[) and resolve their 
singularities. Surprisingly, the resolution process described in (|39H44|) leaves the 
dual complex unchanged and we get the following. 

Theorem 38. Let Z be a projective simple normal crossing variety of dimension 
n. Then there is a normal singularity (0 £ X) of dimension (n + 1) and a resolution 
7r : Y — ¥ X such that E := 7r _1 (0) C Y is a simple normal crossing divisor and 
its dual complex T)(E) is naturally identified with T>(Z). (More precisely, there is 
a morphism E — > Z that induces a birational map on every stratum.) 

39 (Inductive set-up for resolution) . The object we try to resolve is a triple 

(Y,E,F) := (Y^jEi^jOjFj) (3S]1) 

where Y is a variety over C, Ei, Fj are codimension 1 subvarieties and aj £ N. (The 
construction (|34|) produces a triple (Y, E := Z,F := 0). The role of the Fj is to 
keep track of the exceptional divisors as we resolve the singularities of Y.) 

We assume that E is a simple normal crossing variety and for every point p G 
E there is a (Euclidean) open neighborhood p G Y p C Y , an embedding a p : 
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Y p <^-> C dlmY+1 , subsets I p C I and J p C J, a natural number m p € N and local 
coordinates in C dlmy + 2 called 

{xi : i e I p }, {y rs : 1 < r, s < m p }, {z : j 6 J p } and t 

(plus possibly other unnamed coordinates) such that one can write the local equa- 
tion of <J p {Y p ) C C dimF+1 as 

Uiei^i = 1 ■ det (vrs ■ 1 < r, s < m p ) ■ U je j P z j 3 ■ <EH1 2 ) 

Furthermore, cr p (_Ej) = (t — xi = 0) n cr p {Y p ) for i E I p and a p (Fj) — (zj = 
0) n<jp(Y p ) for j E J p . (We do not impose any compatibility condition between the 
local equations on overlapping charts.) 

We say that (Y, E, F) is resolved at p if Y is smooth at p. 

The key technical result of this section is the following. 

Proposition 40. Let (Y,E,F) be a triple as above. Then there is a resolution of 
singularities n : {Y',E',F'j — > (Y, E, F^j such that 

(1) Y' is smooth and E' is a simple normal crossing divisor, 

(2) E> = v-\E), 

(3) every stratum of E' is mapped birationally to a stratum of E and 

(4) 7r induces an identification V(E') = T>{E). 

Proof. The resolution will be a composite of explicit blow-ups of smooth subva- 
rieties (except at the last step) . We use the local equations to describe the blow-up 
centers locally. Thus we need to know which locally defined subvarieties make sense 
globally. For example, choosing a divisor Fj 1 specifies the local divisor (zj 1 = 0) at 
every point p € Fj 1 . Similarly, choosing two divisors E^ , Ei 2 gives the local subva- 
rieties (t — Xi 1 — Xi 2 — 0) at every point p S E^ n Ei 2 . (Here it is quite important 
that the divisors Ei are themselves smooth. The algorithm does not seem to work 
if the Ei have self-intersections.) Note that by contrast (x^ = Xi 2 = 0) C Y defines 
a local divisor which has no global meaning. Similarly, the vanishing of any of the 
coordinate functions y rs has no global meaning. 

To a point p € Sing E we associate the local invariant 

Deg(p) := (deg s (p),deg y (p),deg z (p)) = (\I P \,m p ,Y, j€jp aj)- 

It is clear that deg x (p) and deg 2 (p) do not depend on the local coordinates cho- 
sen. We see in (ji^)) that deg y (p) is also well defined if p S Singi?. The degrees 
deg x (p) , deg (p) , deg z (p) are constructible and upper semi continuous functions on 
Sing£. 

Note that Y is smooth at p iff either Deg(p) = (1, *, *) or Deg(p) — (*, 0, 0). If 
deg x (p) — 1 then we can rewrite the equation ([39l2) as 

' • 1 1 ; "- J where x' := x x + t ■ (l - det(y rs )) ■ HjZj* 

so if yis smooth then (Y, E + Fj has only simple normal crossings along E. Thus 
the resolution constructed in Theorem [38] is a log resolution. 

The usual method of Hironaka would start by blowing up the highest multiplicity 
points. This introduces new and rather complicated exceptional divisors and I have 
not been able to understand how the dual complex changes. 

In our case, it turns out to be better to look at a locus where deg y (p) is maximal 
but instead of maximizing deg^p) or deg^p) we maximize the dimension. Thus 
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we blow up subvarieties along which Y is not equimultiple. Usually this leads to a 
morass, but our equations separate the variables into distinct groups which makes 
these blow-ups easy to compute. 

One can think of this as mixing the main step of the Hironaka method with the 
order reduction for monomial ideals (see, for instance, [Kol07cl Step 3 of 3.111]). 

After some preliminary remarks about blow-ups of simple normal crossing vari- 
eties the proof of (|40| is carried out in a series of steps (j42H44|) . 

We start with the locus where deg y (p) is maximal and by a sequence of blow-ups 
we eventually achieve that deg y (p) < 1 for every singular point p. This, however, 
increases deg z . Then in 3 similar steps we lower the maximum of deg z until we 
achieve that deg z (p) < 1 for every singular point p. Finally we take care of the 
singular points where deg y (p) + deg z (p) > 1. □ 

41 (Blowing up simple normal crossing varieties). Let Z be a simple normal crossing 
variety and W C Z a subvariety. We say that W has simple normal crossing with Z 
if for each point p £ Z there is an open neighborhood Z p , an embedding Z p ^ C ,l+1 
and subsets I p , J p C {0, . . . , n} such that 

z p = (U i& i p x i = 0) and W n Z p = ( Xj = : j e J p ) . 

This implies that for every stratum Zj C Z the intersection W R Zj is smooth 
(even scheme theoretically). 

If W has simple normal crossing with Z then the blow-up BwZ is again a simple 
normal crossing variety. If W is one of the strata of Z, then V(BwZ) is obtained 
from T>(Z) by removing the cell corresponding to W and every other cell whose 
closure contains it. Otherwise T>(By/Z) — T>(Z). (In the terminology of |Koll3[ 
Sec. 2. 4], B^rZ — » Z is a thrifty modification.) 

As an example, let Z = (X1X2X3 = 0) C C 3 . There are 7 strata and T>(Z) is the 
2-simplex whose vertices correspond to the planes (xj = 0). 

Let us blow up a point W = {p} C Z to get B p Z C B p C 3 . Note that the 
exceptional divisor E C B p C 3 is not a part of B p Z and B p Z still has 3 irreducible 
components. 

If p is the origin, then the triple intersection is removed and T>(B p Z) is the 
boundary of the 2-simplex. 

If p is not the origin, then B p Z still has 7 strata naturally corresponding to the 
strata of Z and T>(B p Z) is the 2-simplex. 

We will be interested in situations where Y is a hypersurface in C" +2 and Z C Y 
is a Cartier divisor that is a simple normal crossing variety. Let W C Y be a smooth, 
irreducible subvariety, not contained in Z such that 

(1) the scheme theoretic intersection W Pi Z has simple normal crossing with Z 

(2) multzrw Z = multy^ Y. (Note that this holds if W C Sing Y and mult^nw Z = 
2-) 

Choose local coordinates (xq, . . . ,x n ,t) such that W = (xq — ■ ■ ■ Xi — 0) and 
Z = (t = 0) C Y. Let f(xo, ■ • ■ , x n , t) = be the local equation of Y. 

Blow up W to get rr : B\yY — > Y. Up to permuting the indices 0, . . . , i, the 
blow-up B\yY is covered by coordinate charts described by the coordinate change 

[Xq , X \ , . . . , Xi : Xi-\-i , ■ • ■ , X n7 tj = (xq, X^Xq : . . . , X^Xq : 3^+1 , . . . , X n: . 

If multvi/ Y = d then the local equation of B\yY in the above chart becomes 
(•^o) f( x 0) ^I^Oj ■ • ■ ' x i x 0i x i+li ■ ■ ■ j x n-> t) = 0- 
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By assumption (2), (x' ) is also the largest power that divides 
f \Xq, X^Xq, . . . , XjXg, Xi+i , . . . , x n , OJ , 

hence tt~ 1 (Z) = BwnzZ. 

Observe finally that the conditions (1-2) can not be fulfilled in any interesting 
way if Y is smooth. Since we want Z (~l W to be scheme theoretically smooth, if Y 
is smooth then condition (1) implies that Z n W is disjoint from SingZ. 

(As an example, let Y — C 3 and Z — (xyz — 0). Take W := (x = y = z). 
Note that W is transversal to every irreducible component of Z but W O Z is 
a non-reduced point. The preimage of Z in ByyY does not have simple normal 
crossings.) 

There are, however, plenty of examples where Y is singular along Z n W and 
these are exactly the singular points that we want to resolve. 

42 (Resolving the determinantal part). Let to be the largest size of a determinant 
occurring at a non- resolved point. Assume that to > 2 and let p G Y be a non- 
resolved point with m p = to. 

Away from E U F the local equation of Y is 

Yliei p x i = det(y rs ■ 1 < r,s < m). 

Thus, the singular set of Y p \ (E U F) is 

U (i)i /) (rank(y rs ) < m-2) fl (x, = x</ = 0) 

where the union runs through all 2-element subsets {i, i'} C I p . Thus the irreducible 
components of Sing Y \ (E U F) are in natural one-to-one correspondence with the 
irreducible components of Sing_E and the value of to = deg y {p) is determined by 
the multiplicity of any of these irreducible components at p. 
Pick ix,i2 & I and we work locally with a subvariety 

W p (i 1 ,i 2 ) := (rank(y rs ) < m - 2) (1 (x it = x i2 = 0). 

Note that Wp{i\,iz) is singular if m > 2 and the subset of its highest multiplicity 
points is given by rank(y rs ) = 0. Therefore the locally defined subvarieties 

W p (i\,i2) ■= (y rs = : 1 < r, s<m)n (x il = xi 2 = 0). 

glue together to a well defined global smooth subvariety W := W(ii,i2)- 

E is defined by (t — 0) thus EnW has the same local equations as W p (11,12)- In 

particular, E nW has simple normal crossings with E and E PiW is not a stratum 

of E; its codimension in the stratum (x^ = Xi 2 — 0) is to 2 . 

Furthermore, E has multiplicity 2 along E n 14^, hence (|4Tl 2) also holds and so 

T>(B E nw) =V(E). 

We blow up W C Y. We will check that the new triple is again of the form 
(|39| . The local degree Deg(p) is unchanged over Y\W. The key assertion is that, 
over W, the maximum value of Deg(p) (with respect to the lexicographic ordering) 
decreases. By repeating this procedure for every irreducible components of Sing E, 
we decrease the maximum value of Deg(p). We can repeat this until we reach 
deg y (p) < 1 for every non- resolved point p G Y. 

(Note that this procedure requires an actual ordering of the irreducible compo- 
nents of SmgE, which is a non-canonical choice. If a finite groups acts on Y, our 
resolution usually can not be chosen equivariant.) 
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Now to the local computation of the blow-up. Fix a point p 6 W and set 
I* := I p \ {ix, £2}- We write the local equation of Y as 

x h x i2 ■ L = t ■ det(y rs ) ■ R where L := \~{ ieI *x l and R :— f\ je Jp Zj 3 . 

Since W = [x^ — Xi 2 = y rs = : 1 < r. s < to) there are two types of local charts 
on the blow-up. 

(1) There are two charts of the first type. Up to interchanging the subscripts 
1,2, these are given by the coordinate change 

Oi! , Xi 2 , Vr S ■ 1 < r , s < to) = (x' h , x' i2 x' ix , y' rs x' ix : 1 < r, s < to). 

After setting z w :— x\ the new local equation is 

< ■L = t-dct(y' rs )- (zf- 2 -R). 

The exceptional divisor is added to the F-divisors with coefficient to 2 — 2 
and the new degree is (deg x (p) — l,deg (p),deg z (p) + m 2 — 2). 

(2) There are to 2 charts of the second type. Up to re-indexing the to 2 pairs 
(r, s) these are given by the coordinate change 

(x n ,x l2 ,y rs : 1 < r,s < m) = (x^y'^x'^y'^y'^y'^ : 1 < r, s < to) 

except when r = s = m where we set y m m — Umm- ^ is convenient to set 
y'mm = 1 an< i z w '■= y'mm- Then the new local equation is 

« ■ L = t ■ det(y' rs ■ 1 < r,s < m) ■ (zf- 2 ■ R). 

Note that the (to, to) entry of (y' rs ) is 1. By row and column operations we 
see that 

det(y' rs : 1 < r, s, < m) = det(y' rs - y' rm y' ms : 1 < r, s, < m - l). 

By setting y" s := yj. s — y' rm y' ms we have new local equations 

«L = t • det(^' s : 1 < r, s, < m - l) • (zf~ 2 ■ R) 

and the new degree is (deg^, (p) , deg, y (p) — 1, deg z (p) + to 2 — 2) . 

Outcome. After these blow ups we have a triple (Y*, i?, F) such that at non- 
resolved points the local equations are 

III'- '•//•1L,.< or II,:, r, /-IL.,^;. g2j3) 

(Note that we can not just declare that y is also a z-variable. The Zj are local 
equations of the divisors Fj while (y = 0) has no global meaning.) 

43 (Resolving the monomial part). Following (|42l 3). the local equations are 

Uiei P x i =t -y c - UjeJ P z T where c e {°> 1 >- 

We lower the degree of the z-monomial in 3 steps. 

Step 1. Assume that there is a non- resolved point with > 2. 
The singular set of Fj 1 is then 

U(i,i')( 2 jl — Xi = Xi> = 0) 

where the union runs through all 2-element subsets {i,i'} C I. Pick an irreducible 
component of it, call it W(ii,i2,ji) '■= \Zj x = x^ = Xi 2 = 0). 
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Set I* :— Ip \ {ii, 12}, Jp ■= J P \ {ji} and write the local equations as 
Xi ± Xi 2 ■ L = tz" 3 ■ R where L := Y\ ieI ,Xi and R := y c ■ Z J 3 • 

There are 3 local charts on the blow-up: 

(1) (axij , Xi 2 ,Zj) — (x^ , x'^x'^ , z'jx'^ ) and, after setting z w := x' ix the new local 
equation is 

X j 2 " — t ' Z Z j . 

The new degree is (deg^O) - 1, deg y (p), deg z (p) + Oj - 2). 

(2) Same as above with the subscripts 1,2 interchanged. 

(3) (xi x , Xi 2 ,Zj) — (x^ zj , x£ 2 zj , zj ) with new local equation 

X 'i\ X 'ii ■ L = t ■ Zj J ■ R. 
The new degree is (deg x (p),deg y (p),deg z (p) - 2). 

Step 2. Assume that there is a non- resolved point with a,j 1 = <2j 2 = 1. 
The singular set of Fj 1 n F J2 is then 

U(i,i') = z i2 = *c< = = 0). 

where the union runs through all 2-element subsets C /. Pick an irreducible 

component of it, call it W(ii, 12,31,32) '■= [Zj 1 = Zj 2 = x^ — x^ 2 = 0). 

Set Ip :— I p \ {ii, 12}, Jp '■— J p \ {31,32} and we write the local equations as 

Xi t x i2 ■ L = tz n z n ■ R where L := Y\ iGl ,Xi and R:=y c ■ Yljpj.z^ 3 . 

p P 

There are two types of local charts on the blow-up. 

(1) In the chart (x^ , x i2 , z n , z j2 ) = (x^x^x^z^x^zj^J the new local 
equation is 

x i2 -L = t- z jt z' n ■ R. 

and the new degree is {deg x {p) — 1, deg y (p), deg z (p)) . A similar chart is 
obtained by interchanging the subscripts ii, ii- 

(2) In the chart (x^ , Xi 2 , Zj t , Zj 2 ) = (x'^z'j^x'^z^, z' n , z' j2 z' n ). the new local 
equation is 

X ii X 'i2 ' L = t • Zj 2 ■ R. 
The new degree is (deg^p), deg^), deg 2 (p) - l). 

A similar chart is obtained by interchanging the subscripts 31,32- 
By repeated application of these two steps we are reduced to the case where 
deg z (p) < 1 at all non-resolved points. 

Step 3. Assume that there is a non- resolved point with deg y {p) = deg z (jp) = 1. 
The singular set of Y is 

U(i,i')(f = Z = X i = X V = )- 
Pick an irreducible component of it, call it W(i\,i2) :={%) = z = Xi 1 = Xi 2 = 0). 
The blow up computation is the same as in Step 2. 

As before we see that at each step the conditions (HTl l-2) hold, hence T>(E) is 
unchanged. 

Outcome. After these blow-ups we have a triple (Y, E, F) such that at non- 
resolved points the local equations are 

U.iei p x i = t -V' ILg/^ = ^ • z i or n iG 7 P ^ = < - (S3 4 ) 



LINKS OF COMPLEX ANALYTIC SINGULARITIES 



21 



As before, the y and z variables have different meaning, but we can rename z\ as 
y. Thus we have only one non-resolved local form left: Y\xi = ty. 

44 (Resolving the multiplicity 2 part). Here we have a local equation Xi x ■ ■ ■ Xi d = ty 
where d > 2. We would like to blow up (x^ = y = 0), but, as we noted, this 
subvariety is not globally defined. However, a rare occurrence helps us out. Usually 
the blow-up of a smooth subvariety determines its center uniquely. However, this 
is not the case for codimension 1 centers. Thus we could get a globally well defined 
blow-up even from centers that are not globally well defined. 

Note that the inverse of (x. n = y = 0) in the local Picard group of Y is = 
(xi 1 — t — 0), which is globally defined. Thus 

is well defined, and locally it is isomorphic to the blow-up B( Xii=y=0 }Y . (A priori, 
we would need to take the normalization of B^ Xii=y=0 ^Y , but it is actually normal.) 
Thus we have 2 local charts. 

(1) (x^ , y) = (a^ , y ' x' ix ) and the new local equation is (xi 2 ■ ■ ■ Xi d = ty') . The 
new local degree is (d — 1,1,0). 

(2) (xi 1 , y) = (x' {l y',y') and the new local equation is (x^ ■ X{ 2 ■ ■ ■ Xi d = t) . The 
new local degree is (d, 0, 0). 

Outcome. After all these blow-ups we have a triple (Y,J2iei^i^J2jej a j^j) 
where ^2 ie jEi is a simple normal crossing divisor and Y is smooth along ^2 iG jEi. 

This completes the proof of Proposition 001 D 

45 (Proof of Theorem [5]). Assume that T is Q-acyclic. Then, by §ST$ there is a 
simple normal crossing variety Zt such that H 1 (Zt,Oz t ) — for i > 0. Then 
[Kollll Prop. 9] shows that, for L sufficiently ample, the singularity (0 € Xt) 
constructed in and (I55|) is rational. By (l4TJ|) we conclude that V1Z(0 S Xt) = 
T>(Zt) is homotopy equivalent to T. 

7. Cohen-Macaulay SINGULARITIES 

Definition 46. Cohen-Macaulay singularities form the largest class where Serre 
duality holds. That is, if A is a projective variety of pure dimension n then X has 
Cohen-Macaulay singularities iff H l (X, L) is dual to H n ~ z (X, ujx 8> L^ 1 ) for every 
line bundle L. A pleasant property is that if D C X is Cartier divisor in a scheme 
then D is Cohen-Macaulay iff X is Cohen-Macaulay in a neighborhood of D. See 
[Har77l pp.184-186] or |KM98bl Sec.5.5] for details. 

For local questions it is more convenient to use a characterization using local 
cohomology due to |Gro67[ Sec. 3. 3]: X is Cohen-Macaulay iff H X (X, Ox) = for 
every x £ X and i < dim A. 

Every normal surface is Cohen-Macaulay, so the topology of the links of Cohen- 
Macaulay singularities starts to become a interesting when dim A > 3. 

The following theorem describes the fundamental group of the link of Cohen- 
Macaulay singularities. Note, however, that the most natural part of PT)) is the 
equivalence ([471 1) ^ (|47l 5). relating the fundamental group of the link to the 
vanishing of i? 1 /*Oy for a resolution / : Y — > X. 

Theorem 47. For a finitely presented group G the following are equivalent. 
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(1) G is Q-perfect, that is, the abelianization G/[G,G] is finite. 

(2) G is the fundamental group of the link of an isolated Cohen- Macaulay sin- 
gularity of dimension = 3. 

(3) G is the fundamental group of the link of an isolated Cohen-Macaulay sin- 
gularity of dimension > 3. 

(4) G is the fundamental group of the link of a Cohen-Macaulay singularity 
whose singular set has codimension > 3. 

(5) G is the fundamental group of the link of a 1-rational singularity i51\) . 

Proof. It is clear that (2) (3) (4) and (48|) shows that (4) (5). 
The implication (5) (1) is proved in (f50|l . 

Finally let us prove (1) => (2). By (|3"Tj) there is a simple normal crossing variety 
Z such that t^i(Z) = G. By a singular version of the Lefschetz hyperplane theorem 
(see, for instance, [GM881 Sec. II. 1.2]), by taking general hyperplane sections we 
obtain a simple normal crossing surface S such that iri(S) = G. Thus Q) = 

and by Hodge theory this implies that H 1 (S, Os) = 0. 

By (|35p there is a 3-dimensional isolated singularity (x 6 X) with a partial reso- 
lution / : Y — >• X whose exceptional divisor is E = S and R^^f^Oy = H 1 (E, Oe) = 
0. In this case the singularities of Y are the simplest possible: we have only ordi- 
nary nodes with equation (x\X2 = tyn). These are resolved in 1 step by blowing 
up (x\ = t = 0) and they have no effect on our computations. 

Thus X is Cohen-Macaulay by ([49]). □ 

Lemma 48. Let X be a normal variety with Cohen-Macaulay singularities (S3 
would be sufficient) and f . Y — > X a resolution of singularities. Then Supp R 1 f*Oy 
has pure codimension 2. Thus if Sing X has codimension > 3 then R 1 f*Oy = 0. 

Proof. By localizing at a generic point of Supp R 1 f^Oy (or by taking a generic 
hyperplane section) we may assume that Supp R l f*Oy = {x} is a closed point. Set 
E := f~ (x). There is a Leray spectral sequence 

HI (X, WUO x ) =► H l + 3 (Y, Oy). (@SJ1) 

By a straightforward duality (see, e.g. [Koll3[ 10.44]) H 7 E (Y,Oy) is dual to the 
stalk of R n ~ r f*ujy which is zero for r < n by |GR70j . Thus (|4"8ll) gives an exact 
sequence 

Hi (X, O x )^Hl (Y, O y )^H° (X, R\f*Ox) -> H 2 X (X, O x ) . 

If X is Cohen-Macaulay and dim X > 3 then Hi (X, O x ) = Hi (X, O x ) = 0, thus 

(R 1 f*O x ) x S H° x {X,R l UO x ) Si H E (Y, Oy) = 0. □ 

For isolated singularities, one has the following converse 

Lemma 49. Let (x G X) be a normal, isolated singularity with a resolution f : 
Y -)• X. Then X is Cohen-Macaulay iff R l f*Oy = for < i < n - 1. 

Proof. The spectral sequence (|4"5! l) implies that we have isomorphisms 

R l f*Oy Si H l x (X, O x ) for < % < n - 1 

and Hl(X, O x ) = since X is normal. □ 

Lemma 50. Let X be a normal variety with 1-rational singularities 151]) and x G X 
a point with link L := L(x G X). Then H (L, Q) = 0. 
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Proof. Let / : Y — > X be a resolution such that E := f 1 (x) is a simple normal 
crossing divisor. By }Ste83| 2.14] the natural maps R l f*Oy -> H 1 (E,Oe) are 
surjective, thus H l {E, O e ) = hence H X {E, Q) = by Hodge theory. 

Next we prove that H 1 (23, Q) = 2f 1 (L,Q). Let a; e JV X C X be a neighborhood 
of cc such that cWx = L and iVy := f~ 1 (Nx) the corresponding neighborhood of 
23 with boundary dNy '■= Ly. Since Ly — > L has connected fibers, i2 1 (i,Q) 
22 1 (2/^,Q) thus it is enough to prove that 22 1 (Ly^Q) = 0. The exact cohomology 
sequence of the pair (Ny,Ly) gives 

= H\E,Q) = H^N Y ,Q) ^ H\Ly,Q) ^ H 2 (Ny,L Y ,Q) ^ H 2 (N Y ,Q) 

By Poincare duality H 2 (Ny,Ly,Q) = H 2n -2(Ny,Q). Since Ny retracts to E we 
see that H2n-2(N Y ,Q) is freely generated by the classes of exceptional divisors 
E = Uj23j. The map a sends rm[Ei} to ci(On y (J2 miEi)) and we need to show 
that the latter are nonzero. This follows from the Hodge index theorem. □ 

8. Rational singularities 

Definition 51. A quasi projective variety X has rational singularities if for one 
(equivalently every) resolution of singularities p : Y — > X and for every algebraic 
(or holomorphic) vector bundle F on X, the natural maps H l (X, F) — > H l (Y,p*F) 
are isomorphisms. Thus, for purposes of computing cohomology of vector bundles, 
X behaves like a smooth variety. Rational implies Cohen-Macaulay. See [KM98b| 
Sec. 5.1] for details. 

A more frequently used equivalent definition is the following. X has rational sin- 
gularities iff the higher direct images R 1 f*Oy are zero for i > for one (equivalently 
every) resolution of singularities p : Y — > X. 

We say that X has 1-rational singularities if R 1 f*Oy = for one (equivalently 
every) resolution of singularities p : Y — > X. 

52 (Proof of Theorem [8]). Let p : Y — ► X be a resolution of singularities such 
that E x :— p^ 1 (x) is a simple normal crossing divisor. As we noted in the proof of 
([501) . R l f*Oy -> H 1 (E,O e ) is surjective, thus H 1 (E,O e ) = hence E l (V1Z(x £ 
X),Q) = by d32j). Thus VK{x e X) is Q-acyclic. 

Conversely, if T is Q-acyclic then Theorem [7] constructs a singularity which is 
rational by (03). □ 

Let L be the link of a rational singularity (x G X). Since X is Cohen-Macaulay, 
we know that iri(L) is Q-perfect (|4T|) . It is not known what else can one say about 
fundamental groups of links of rational singularities, but the fundamental group of 
the dual complex can be completely described. 

Definition 53. Recall that a group G is called perfect if it has trivial abelianization, 
equivalently, if Hi(G,Z) = 0. Similarly, G is called superperfect (see |Ber02j ) if 
H X {G,Z) =H 2 (G,Z) =0. 

We say that G is Q-perfect if H X (G, Q) = and Q- superperfect if Hi(G,Q) = 
H2(G,Q) = 0. Note that every finite group is Q-superperfect. Other examples are 
the infinite dihedral group or SL(2, Z). 

Corollary 54. |KK11[ Thm.42] Let (x G X) be a rational singularity. Then 
7Ti rDH(X) \ is Q- superperfect. Conversely, for every finitely presented, Q- superperfect 
group G there is a 6- dimensional rational singularity (x £ X) such that 

m(vn(X)) = m(n(X)) = m(L(x e x)) s G. 
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Proof. By a slight variant of the results of [Kcr69, KM63 , for every finitely 
presented, Q-superperfect group G there is a Q-acyclic, 5-dimensional manifold 
(with boundary) M whose fundamental group is isomorphic to G. Using this M in 
([8]) we get a rational singularity (x £ X) as desired. 

Note that just applying the general construction would give 11 dimensional ex- 
amples. See |KK11[ Sec. 7] on how to lower the dimension to 6. □ 

9. Questions and problems 

Questions about fundamental groups. 

Our constructions give isolated singularities only in low dimensions. For most 
groups G it is not known how to construct a high dimensional isolated singularity 
(0 € X) with link L such that tti(L) = G. Note that by the Lefschetz theorem, 
taking a hyperplane section of a singularity of dimension > 4 does not change the 
fundamental group. So high dimensional examples give lower dimensional ones but 
not the other way around. 

Problem 55. Prove that for every finitely presented group G and for every n > 3 
there is an n-dimensional isolated singularity (0 £ X) with link L such that 7Ti(X) = 
G. 

The following problem about rational singularities asks to fill the gap left in 
(|54|) . It is easy to see that not every finite group G occurs as ni(VlZ(X)) for a 
3-dimensional rational singularity [KK111 Cor. 45]. Note that a hyperplane section 
of a rational singularity is rarely rational, thus the answers in different dimensions 
could be, in principle, independent of each other. 

Problem 56. Describe the possible groups tti (VTZ(X)^ for 4 and 5-dimensional 
rational singularities. 

We saw in (|5i| that Q-superperfect groups are exactly those that occur as 
7Ti (T>1Z(X)) for rational singularities. Moreover, every Q-superperfect group can be 
the fundamental group of a link of a rational singularity. However, there are rational 
singularities such that the fundamental group of their link is not Q-superperfect. 
As an example, let S be a fake projective quadric whose universal cover is the 2-disc 
BxD (cf. |Bea961 Ex.X.13.4]). Let C(5) be a cone over S with link L(S). Then 

H 2 (L(S),Q) ^tf 2 (S,Q)/Q-Q 

and the universal cover of L is an R-bundle over D x D hence contractible. Thus 

H 2 ( 7 r 1 (L(5)) ) Q) £ H 2 (L(S),Q) £ Q, 

so 7Ti(L(5)) is not Q-superperfect. This leads us to the following, possibly very 
hard, question. 

Problem 57. Characterize the fundamental groups of links of rational singularities. 

In this context it is worthwhile to mention the following. 

Conjecture 58 (Carlson-Toledo). The fundamental group of a smooth projective 
variety is not Q-superperfect (unless it is finite). 

More generally, the original conjecture of Carlson and Toledo asserts that the 
image 

im[ff a (7ri(Jf),Q) ->H 2 {X,Q)] 
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is nonzero and contains a (possibly degenerate) Kahler class, see |Kol951 18.16]. 
For a partial solution see [Rez02j . 

Our examples show that for every finitely presented group G there is a reducible 
simple normal crossing surface S such that fti(S) = G. By [SimlOj . for every 
finitely presented group G there is a (very singular) irreducible variety Z such that 
tti(Z) = G. It is natural to hope to combine these results. |Kapl2| proves that 
for every finitely presented group G there is an irreducible surface S with normal 
crossing and Whitney umbrella singularities (also called pinch points, given locally 
as x 2 — y 2 z) such that ni(S) = G. 

Problem 59. jSimlOj What can one say about the fundamental groups of irre- 
ducible surfaces with normal crossing singularities? 

Although closely related, the next question should have a quite different answer. 

Problem 60. What can one say about the fundamental groups of normal, projec- 
tive surfaces? 

Note that not every finitely presented group can occur. A simple obstruction is 
given by the theory of Albanese varieties which implies that the rank of H2 (X, Q) 
is even for normal, projective varieties X. 

All the examples in Theorem [3] can be realized on varieties defined over Q. Thus 
they have an algebraic fundamental group 7r^ lg (L(0 € A'q)) which is an extension 
of the profinite completion of 7ri(L(0 S X)) and of the Galois group Gal(Q/Q). 

Problem 61. Describe the possible groups 7r^ lg (L(0 € Xq)). 

Questions about the topology of links. 

We saw that the fundamental groups of links can be quite different from fun- 
damental groups of quasi-projective varieties. However, our results say very little 
about the cohomology or other topological properties of links. It turns out that 
links have numerous resrictive topological properties. I thank J. Shaneson and 
L. Maxim for bringing many of these to my attention. 

62 (Which manifolds can be links?). Let M be a topological manifold that is 
diffcomeorphic to the link L of an isolated complex singularity of dimension n. 
Then M satisfies the following. 

16211. diniR M — 2n — 1 is odd and M is orientable. Resolution of singularities 
shows that M is cobordant to 0. 

16212. The decomposition Tx\l — Tl + Nl,x shows that Tm is stably complex. 
In particular, its odd integral Stiefel- Whitney classes are zero }Mas61j . (More 
generally, this holds for orientable real hypersurfaces in complex manifolds.) 

16213. The cohomology groups H l (L, Q) carry a natural mixed Hodge structure; 
see |PS08[ Sec. 6. 3] for a detailed treatment and references. Using these, [DH88 
proves that the cup product H l (L,Q) x H l (L,Q) ->■ H i+j (L,Q) is zero if i, j < n 
and i + j > n. In particular, the torus § 2 ™ -1 can not be a link. If X is a smooth 
projective variety then X x S can not be a link. 

16214. By [CS911 p.548], the components of the Todd-Hirzebruch L-genus of M 
vanish above the middle dimension. See also [CMS08a ( CMS08b for further results 
on the topology of singular algebraic varieties which give restrictions on links as 
special cases. 
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There is no reason to believe that this list is complete and it would be useful 
to construct many different links to get some idea of what other restrictions may 
hold. For starters, here are two simple questions. 

Question 63 (Cohomology of links). Is the sequence of Betti numbers of a complex 
link arbitrary? Can one describe the possible algebras H*(L, Q)? 

Question 64 (Cohomology of links of weighted cones). We saw in (jTTJ) that the 
first Betti number of the link of a weighted cone is even. One can ask if this is the 
only restriction on the Betti numbers of a complex link of a weighted cone. 

Philosophically, one of the main results on the topology of smooth projective 
varieties, proved in [DGMS751 ISul77] . says that for a simply connected varieties the 
integral cohomology ring and the Pontriagin classes determine the differentiable 
structure up to finite ambiguity. It is natural to ask what happens for links. 

Question 65. To what extent is the diffcomorphism type of a simply connected link 
L determined by the cohomology ring H*(L,Z) plus some characteristic classes? 

A positive answer to (|65[) would imply that general links are indeed very similar 
to weighted homogeneous links and to projective varieties. 

Questions about VTZ(0 6 X). 

We saw in (JTJ) that the homotopy type of T>1Z(0 £ A) can be arbitrary. However, 
starting with an n-dimensional polyhedral complex, our construction gives a 2n + 2- 
dimensional singularity. This can be lowered to In + 1 by noting that in (|25[) one 
can work with immersions instead of embeddings, but it should be possible to do 
much better. 

Question 66. Let C be an n-dimensional polyhedral complex. Is there an n + 1- 
dimensional singularity (0 £ X) such that T>1Z(0 £ X) is homotopy equivalent (or 
even isomorphic) to C? 

Problem 67. The singularities constructed in the main theorems are not isolated 
if the dimension is > 6. I do not know if this is a flaw of the construction or there 
is a deeper reason for it. This is very much connected to (|55|) . 

Note that if p : X' — » X is a proper birational morphism such that E 1 :— 7r _1 (0) 
is a simple normal crossing divisor, then the dual complex T>(E') is defined even if 
X' is singular. It would be computationally much easier to know that we do not 
need to resolve the singularities further in order to determine T>1Z({) £ X). 

Question 68. Let p : X' — > X be a proper birational morphism such that E 1 :— 
7r _1 (0) is a simple normal crossing divisor and Sing A' does not contain any of the 
strata of E' . Is V(E) homotopy equivalent to Vll(0 £ A)? 

So far we have concentrated on determining how complicated T>1Z(0 £ X) can 
be. It would be also very useful to know that T>1Z(0 £ X) is very simple in certain 
cases. Assume that (A, A) is dlt (cf. [KM98b, 2.37]). Since dlt implies rational, 
T>lZ(x £ A) is Q-acyclic for every point x £ X. Furthermore, ■K\{VTZ{x £ X)) = 1 
by |Kol93] and [Tak03j . Thus VK(x £ A) is contractible iff it is Z-acyclic. The 
following was also posed by Shokurov. 

Question 69. Is T>lZ(x £ X) contractible for dlt pairs (A, A)? 
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More generally, the following could be true for arbitrary singularities. In order 
to state it, note that if (0 G X) is a normal singularity and g : X dlt — > X is 
a dlt modification (cf. KollSl 1-34]) then the definition of the dual complex of 
5 _1 (0) C X dlt makes sense. (The definition is the obvious one if g -1 (0) has pure 
codimension 1; part of the general problem is to find the right definition in general.) 

Conjecture 70. Let (0 G X) be a normal singularity. Then T>lZ(x £ X) is 
homotopy equivalent to the dual complex o/g _1 (0) C X dlt . 

I like to think of the results treated in [Kol07a] and }HX09j as philosophically 
closely related to these questions. 

Embeddings of simple normal crossing varieties. 

In many contexts it has been a difficulty that not every variety with simple 
normal crossing singularities can be realized as a hypersurface in a smooth variety. 
See for instance |Fuj09| IBM111 IBP111 IKoll3j for such examples and for various 
partial solutions. 

As we discussed in (fl~9|) . recent examples of |Fujl2| show that the answer to the 
following may be quite complicated. 

Question 71. Which proper, complex, simple normal crossing spaces can realized 
as hypersurfaces in a complex manifold? 

Question 72. Which projective simple normal crossing varieties can realized as 
hypersurfaces in a smooth projective variety? 

Note that, in principle it could happen, that there is a projective simple normal 
crossing variety that can be realized as a hypersurface in a complex manifold but 
not in a smooth projective variety. 

Let Y be a smooth variety and D c Y a compact divisor. Let D C N C Y be a 
regular neighborhood with smooth boundary dN. If D is the exceptional divisor of 
a resolution of an isolated singularity x € X then dN is homeomorphic to the link 
L(x £ X). It is clear that D and Ci(N DtX ) e H 2 (D,Z,) deter mine the boundary 
dN, but I found it very hard to compute concrete examples. 

Problem 73. Find an effective method to compute the cohomology or the funda- 
mental group of dN at least when D is a simple normal crossing divisor. 
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